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In this paper we address the question: where in onguration spae is the entanglement be-
tween two partiles loated? We present a thought-experiment, equally appliable to disrete or
ontinuous-variable systems, in whih one or both parties makes a preliminary measurement of the
state with only enough resolution to determine whether or not the partile resides in a hosen region,
before attempting to make use of the entanglement. We argue that this provides an operational
answer to the question of how muh entanglement was originally loated within the hosen region.
We illustrate the approah in a spin system, and also in a pair of oupled harmoni osillators. Our
approah is partiularly simple to implement for pure states, sine in this ase the sub-ensemble in
whih the system is denitely loated in the restrited region after the measurement is also pure, and
hene its entanglement an be simply haraterised by the entropy of the redued density operators.
For our spin example we present results showing how the entanglement varies as a funtion of the
parameters of the initial state; for the ontinuous ase, we nd also how it depends on the loation
and size of the hosen regions. Hene we show that the distribution of entanglement is very dierent
from the distribution of the lassial orrelations.
PACS numbers: 03.67.Mn,03.65.Ud,42.50.Dv
I. INTRODUCTION
Studying the entanglement properties of a number of
spatially extended many-body systems inluding spin
hains, oupled fermions, and harmoni osillators [1,
2, 3, 4, 5, 6, 7, 8, 9, 10℄ has both given informa-
tion on the potential uses of these systems in quantum
information proessing, and yielded insight into their
fundamental properties. Quantum entanglement is a
measure of essentially quantum orrelations, and many
interating systems possess an entangled ground state
[1, 2, 11, 12, 13, 14, 15℄.
In this paper we address the question: where in on-
guration spae is the entanglement between two parti-
les loated? We pose the question using the language
of spatial entanglement, whih plays a signiant role
in many physial realizations of QIP (quantum informa-
tion proessing). However our results are easily reast
in terms of other types of entanglement. Speially, we
investigate the loation dependene of the ground-state
entanglement between two interating subsystems. We
hoose a pair of oupled harmoni osillators as an ex-
ample, sine this is a system for whih many exat results
are available [8, 16℄. We assign one osillator to eah of
the two ommuniating parties Alie and Bob, but per-
form a thought experiment in whih one or both of them
rst measure the system in onguration spae, with just
enough preision to loalise it in some hosen region, and
thereafter are restrited to operations only within that
region. This restrition orresponds to a partiular type
of projetive ltering in onguration spae. We ask how
∗
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this restrition aets the spatial entanglement available
to them for other purposesfor example, for teleporting
additional qubits between them. This should be distin-
guished from the approah taken reently by Cavalanti
et. al. [17℄, who explored the eet of a nite-resolution
spatial measurement on the spin entanglement of a sys-
tem of noninterating fermions and also a photoni in-
terferometer. Our researh also ontrasts with previous
studies [18, 19, 20℄ of the entanglement of a nite region
of spae with the rest of the system.
In a previous paper [21℄ we investigated the limiting
ase where the size of the preliminary-measurement re-
gion is very small, and showed that a smooth two-mode
ontinuous-variable state an be approximated by a pair
of qubits and its entanglement fully haraterized, even
for mixed states, by either onurrene density or nega-
tivity density ; here we shall fous on studying the varia-
tions of the entanglement properties with the size of the
region. For the present we assume that the two partiles
are distinguishable; the eets of indistinguishability on
the phenomena disussed here are a subjet for further
work. We argue that the shared entanglement remaining
to Alie and Bob provides a natural measure of where in
onguration spae the entanglement was originally lo-
ated. We show that the distribution of entanglement is
very dierent from that of the lassial orrelations.
II. THEORY
A. Restriting onguration spae by Von
Neumann measurements
Let the onguration spae of the whole system be de-
sribed by the oordinates qA and qB , where qA desribes
Alie's partile and qB desribes Bob's. We will initially
2present the ase in whih only Alie makes a prepara-
tory measurement on her system; suppose she has aess
to some restrited portion A of the onguration spae
of her partile, whose oordinate is qA. If she mea-
sures her system with just enough auray to determine
whether it is in region A or not, but no more, the eet is
to loalise the wavefuntion either inside, or outside, the
hosen region. The restrition to lying inside the region
orresponds to the projetor
EˆA =
∫
A
|qA〉 〈qA|q
.A
⊗ 1ˆother, (1)
where 1ˆother is the identity operation for all the other
partiles (assumed distinguishable) in the system.
1. The disarding ensemble
Suppose A is of nite extent, and Alie measures the
position of her partile with just enough auray to de-
termine whether it is in A or not. If so, she keeps the
state for further use; if not, she disards it (and tells Bob
she has done so). Then the density matrix appropriate
to the ensemble of retained systems is
ρˆD,A =
EˆAρˆEˆA
Tr(EˆAρˆ)
(2)
=
θA(qA)ρ(qA, qother; q
′
A, q
′
other)θA(q
′
A)∫ ∫
A
ρ(qA, qother; qA, qother)q
.A
q
. other
,
where θA is a generalized Heavyside funtion dened so
that
θA(q) =
{
1 if q ∈ A
0 otherwise
. (3)
The subsript D refers to the disarding of the unwanted
states; we refer to this density matrix as desribing the
disarding ensemble. Note that, if the original ρˆ was a
pure state |ψ〉 〈ψ|, then the post-seleted density matrix
is also pure:
ρˆD,A =
EˆA |ψ〉 〈ψ| EˆA
〈ψ| EˆA |ψ〉
. (4)
In partiular this means that even though the system has
ontinuous variables and is therefore innite-dimensional,
its entanglement ED,A is easily alulated through the
von Neumann entropy S(ρˆ(A)) of the redued density ma-
trix ρˆ(A) = TrB ρˆ.
2. The non-disarding ensemble
On the other hand if Alie hooses not to disard the
system when she fails to detet a partile in region A,
the appropriate density matrix is
ρˆND = EˆAρˆEˆA + EˆA′ ρˆEˆA′ , (5)
where the subsript ND refers to non-disarding and
the omplementary projetor EˆA′ is dened as
EˆA′ ≡ 1ˆ− EˆA =
∫
qA /∈A
|qA〉 〈qA| q
.A
⊗ 1ˆother. (6)
Eq. (5) desribes a mixed state. It diers from the orig-
inal density matrix ρˆ in that o-diagonal elements of ρˆ
onneting qA ∈ A and qA /∈ A have been set to zero.
Let pA = Tr[EˆAρˆEˆA] be the probability of nding Al-
ie's partile in A. Sine the rst and seond omponents
of ρˆND an be distinguished by Alie and Bob using loal
operations and lassial ommuniation (LOCC), they
an teleport pAED,A + (1 − pA)ED,A′ qubits on average
between them. Hene the distallable entanglement (and
therefore also the entanglement of formation) of ρˆND is
not less than pAED,A + (1 − pA)ED,A′ . On the other
hand, Eq. (5) also onstitutes a valid deomposition of
the non-disarding density matrix ρˆND into orthogonal
pure states; it follows that the entanglement of formation
END is not greater than the average entanglement of this
deomposition: END ≤ pAED,A + (1 − pA)ED,A′ . The
only way these two observations an be onsistent is if
END = pAED,A + (1− pA)ED,A′ . (7)
If all the operators available to Alie have support only
in region A (i.e. if she an neither measure her partile's
properties, or manipulate it in any way, exept when it
is in A) then the omponent projeted by EˆA′ is out of
reah, and the seond omponent EˆA′ ρˆEˆA′ of the state
ρˆND is funtionally equivalent to a separable state as far
as any operation that Alie and Bob an perform is on-
erned. It does not possess any entanglement properties
that are useful to Alie and Bob. In that ase, Eq. (7)
redues to END = pAED,A.
3. Preise measurements of position
If, on the other hand, Alie measures the position a-
urately, but again keeps only those oasions when the
results lie within A, the disarding ensemble's density
matrix is
ρˆP =
∫
A
Eˆq ρˆEˆqq
.∫
A
Tr(Eˆq ρˆ)q
.
, (8)
where the subsript P refers to measuring preisely and
Eˆq is the projetor orresponding to measuring Alie's
partile A preisely at position q:
Eˆq = δ(qA − q). (9)
Eq. (8) desribes a density matrix that is diagonal in qA;
it is a mixed state even if all the measurements where the
partile is not found in A are disarded. Furthermore,
unless there are some additional degrees of freedom of
3partile qA whih are not measured, the overall density
matrix an be written as an inoherent sum of produt
states:
ρˆP =
∫
A
Eˆq ρˆEˆqq
.
=
∫
A
|qA〉 〈qA| q
.A
, (10)
where |qA〉 is a state in whih partile A is loated ex-
atly at qA and partile B is in some arbitrary state. ρˆP
therefore ontains no remaining entanglement with Bob's
partile B.
Note that in the limit of very small measurement re-
gions, the distintion between preise and impreise mea-
surements disappears. The ase of vanishingly small re-
gions was analysed in a previous paper [21℄, where it was
shown that a well-dened onurrene density exists, and
so the onurrene after the measurement is diretly pro-
portional to the region size.
4. Measurements by both parties
Exatly analogous formulae an be written down for
the ases where Bob makes a preliminary measurement
on his partile, or both partners make a measurement.
In the ase where both parties make a preliminary mea-
surement, the redued density matrix of Alie's system
that is used to alulate the entanglement will naturally
depend also on the measurement performed by Bob.
5. An inequality for the disarding entanglement
Suppose Alie and Bob divide their onguration
spaes into a set of segments A and B respetively, and
eah make a measurement determining in whih segment
the system is loated. In the nondisarding ensemble,
Eq. (5) generalizes to
ρˆND =
∑
AB
EˆBEˆAρˆEˆAEˆB, (11)
where ∑
A
EˆA =
∑
B
EˆB = 1ˆ. (12)
However, this orresponds to a loal operation performed
by Alie and Bob. Their shared entanglement is non-
inreasing under this operation; therefore,
E(ρˆ) ≥ E(ρˆND). (13)
But, by a straightforward extension of the argument
given above,
E(ρˆND) =
∑
AB
pABED(ρˆD,AB), (14)
where
pAB = Tr[EˆBEˆAρˆ] (15)
is the probability of nding Alie's part of the system in
A and Bob's part in B, and
ρˆD,AB =
EˆBEˆAρˆEˆAEˆB
pAB
(16)
is the density matrix in the disarding ensemble after
this measurement result has been obtained. Combining
Eq. (13) and Eq. (14) we obtain the following inequal-
ity for the average of the entanglement in the disarding
ensemble over all the partitions:∑
AB
pABED(ρˆD,AB) ≤ E(ρˆ). (17)
B. Spin systems
We an make an exatly analogous theory for the ase
where Alie and Bob share a system dened on some
other state spae, for example a spin systemperhaps
more familiar in quantum information theory. We simply
replae the projetion operator EˆA by one dened in spin
spae; for example, EˆA might projet onto states with a
speied spin omponent in a given diretion. The rest
of the theory is as outlined above.
III. THE PHYSICAL SYSTEMS
A. Spins
Suppose that both Alie and Bob eah possess two
spins; the rst spins belonging to eah of them are en-
tangled, as are the seond spins, and the overall state |ψ〉
of the system is a produt of the state of the two pairs.
For example, we ould write
|ψ〉 = (cos θ1 |↑A1↑B1〉+ sin θ1 |↓A1↓B1〉)
⊗(cos θ2 |↑A2↑B2〉+ sin θ2 |↓A2↓B2〉); (18)
the state is pure so entanglement between Alie's and
Bob's subsystems is well quantied by the von Neumann
entropy of the redued density matrix. Suppose also that
Alie and Bob an only handle systems if the total spins
Ms available to eah party are suh that Ms = 0; per-
haps the parts of the state with non-zero moment are lost
beause of the presene of large utuating elds in the
environment. In the disarding ensemble dened by this
restrition, the state beomes
|ψ〉R =
1√
1− cos 2θ1 cos 2θ2
(cos θ1 |↑A1↑B1〉 sin θ2 |↓A2↓B2〉
+sin θ1 |↓A1↓B1〉 cos θ2 |↑A2↑B2〉), (19)
4again this restrited state is pure but entanglement
should beome quite dierent.
This type of measurement is familar in other
ontextsfor example entanglement distillation and on-
entration [22, 23℄.
Entanglement of a bi-partite mixed spin state an also
be easily quantied by using negativity N (ρˆ) instead as
the entanglement measure. We dene negativity as the
sum of the magnitudes of the negative eigenvalues λi of
the partially transposed density matrix ρˆTB ,
N (ρˆ) =
∑
is.t.λi<0
|λi|. (20)
Consider the mixed state dened by
ρˆ =
16F − 1
15
|ψ〉 〈ψ|+ 1− F
15
1ˆ, (21)
where |ψ〉 is as dened in Eq. (18) (in ontrast to the
denition of Werner states, this is not a maximally en-
tangled state) and F ∈ [1/16, 1]. Note that when F = 1,
the state beomes pure. Again an example of disarding
ensembles an be obtained by projeting the state (21)
onto Ms = 0 subspae and renormalizing aordingly.
B. Harmoni osillators
The density matrix of a Gaussian state an be written
in the oordinate representation [24℄ as
〈q |ρˆ| q′〉 ≡ ρ(q; q′)
= ζ1exp[−qTLq − q′TLq′
−1
2
(q − q′)TM(q − q′)
+
i
2
(q − q′)TK(q + q′)], (22)
where ζ1 is a normalization onstant, and where L, M
and K are real N -dimensional matries with L and M
symmetri, while K is arbitrary. These matries are re-
lated to the ovariane matrix γ by
1
2
γ−1 =
(
1 0
−K 1
)T (
2L 0
0 12 (L+M)
−1
)(
1 0
−K 1
)
.
(23)
We note that for a pure state,M = 0 andK is symmetri.
Consider a harmoni system with a Hamiltonian (tak-
ing ~ = 1)
Hˆ = RT (
Vmω2/2 0
0 1N/(2m)
)R, (24)
where the vetor R of quadrature operators is given by
the positions Rj = Xˆj and onjugate momenta RN+j =
Pˆj , for 1 ≤ j ≤ N,, the N × N matrix V ontains the
oupling oeients, and ω is the natural frequeny of
unoupled osillators. For a translationally invariant sys-
tem the potential matrix elements depend only on the
dierene between the indies: Vj,k = v(j−k)modN for
1 ≤ j, k ≤ N . The ovariane matrix of the ground state
is then [8℄
γ =
1
2
(
γx
mω
⊕mωγp)
=
1
2
(
V
−1/2
mω
⊕mωV1/2). (25)
Sine the Hamiltonian given in Eq. (24) has no oupling
between position and momentum variables, γ is blok
diagonal and hene K = 0. Furthermore if there are
only nearest-neighbour interations, with a Hooke's-law
spring onstant K, the interation strength is harater-
ized by the single dimensionless parameter
α =
2K
mω2
. (26)
For the two-osillator ground state we therefore have
only one non-zero matrix:
L =
mω
8
(
1 +
√
1 + 4α 1−√1 + 4α
1−√1 + 4α 1 +√1 + 4α
)
. (27)
The 1-partile redued density matries an then be eas-
ily obtained by quadrature; for Partile 1,
ρˆ(A)(qA; q
′
A) =
∫ ∞
−∞
q
.B
ρ(qA, qB; q
′
A, qB) (28)
=
√
2C1 − 2C2
π
exp[−C1(q2A + q′2A) + 2C2qAq′A],
where the state is normalized to unity and the onstants
C1 and C2 are
C1 =
1 + 2α+ 3
√
1 + 4α
8 + 8
√
1 + 4α
mω (29)
and
C2 =
α(
√
1 + 4α− 1)
8(1 + 2α+
√
1 + 4α)
mω. (30)
From Eq. (28), we an also dene the Gaussian hara-
teristi length σ whih haraterizes the probability dis-
tribution of a single partile:
σ =
[
2mω
( √
1 + 4α
1 + 1
√
1 + 4α
)]− 1
2
. (31)
For bipartite Gaussian states, the entanglement of for-
mation is known exatly [25℄. For the ground state of our
system, the value is
S(ρˆ(A)) = − log2 (1− w)−
w log2 w
(1 − w) , (32)
where
w =
1 + 3
√
1 + 4α+ 2 [α− (1 + 4α) 14 − (1 + 4α) 34 ]
1 + 2α−√1 + 4α .
(33)
5IV. METHOD
For the spin system, the entanglement an be al-
ulated straightforwardly by standard methods; for the
two-osillator system, we alulate the von Neumann en-
tropy S(ρˆ(A)), and hene the entanglement, numerially
by using two dierent approahes.
A. Expansion in a omplete set
We dene an orthonormal set of funtions, {φn(q)},
with support in a regionA of onguration spae of width
2a entred at oordinate q¯:
∫ q¯+a
q¯−a
φn(q)φ
∗
m(q) = δnm. (34)
A suitable hoie is
φn(q) =
√
1
a
cos(
(q − q¯)nπ
2a
) n is odd
φn(q) =
√
1
a
sin(
(q − q¯)nπ
2a
) n is even, (35)
= 0 if |q − q¯| > a
We then approximate the appropriate post-seleted
density matrix by an expansion in a nite set of the
funtions dened in Eq. (35); as an example, if only
Alie makes a preliminary measurement to loalise her
partile in the region A, we have:
ρˆ
(A)
D (qA; q
′
A) =
N∑
mn
ρmnφm(qA)φ
∗
n(q
′
A), (36)
with ρmn given by
ρmn =
∫ q¯A+a
q¯A−a
q
.A
∫ q¯A+a
q¯A−a
q
.
′
A
φ∗m(qA)ρˆ
(A)(qA; q
′
A)φn(q
′
A), (37)
where ρˆ(A)(qA; q
′
A) is Eq. (28). We normalize
ρˆ
(A)
D (qA; q
′
A) by its trae and an then quantify entan-
glement by alulating the von Neumann entropy from
this normalized ρˆ
(A)
D (qA; q
′
A). Unfortunately the quadra-
tures in Eq. (37) must be performed numerially, making
this approah relatively time-onsuming.
B. Conguration-spae grid
We therefore explored also a diret real-spae ap-
proah, in whih we rst disretize the onguration
spae into a nite number of measurement bins, then
selet only those bins that orrespond to the regions
within whih Alie's and Bob's respetive partiles lo-
alise. For example, onsider again the ase in whih
only Alie makes a preliminary measurement, if the re-
gion is q¯A − a ≤ qA ≤ q¯A + a, we divide this spae into
NB regions with NB+1 equally spaed points (qA's) ov-
ering the intervals from qA = q¯A − a to q¯A + a. We then
build the (NB + 1) × (NB + 1) post-seleted 1-partile
redued density matrix ρˆ
(A)
D (qA; q
′
A) by alulating its el-
ements ρmn's from the 1-partile redued density matrix
Eq. (28):
ρmn = ρˆ
(A)(qmA ; q
n
A) for 1 ≤ m,n ≤ NB + 1. (38)
As in the other approah, we alulate the von Neumann
entropy of the normalized ρˆ
(A)
D (qA; q
′
A) in order to quan-
tify the entanglement.
Note that if on the other hand both parties make a pre-
liminary measurement, we start from the full 2-partile
density matrix and apply Bob's restritions w.r.t his os-
illator before we redue it into the 1-partile density
matrix for Alie's osillator.
We nd that results from the two approahes onverge
to the same values as the number of grid points, or the
number of expansion funtions, tend to innity. Sine
the seond (grid-based) approah is muh more eient
to ompute, it has been used for all the results presented
in this paper.
V. RESULTS
A. The spin system
1. Pure states
We present results in Fig. 1. For the spin system
we onsider, entanglement present in the state Eq. (18)
depends on θ1 and θ2 with periods of π/2, as shown in
Fig. 1(a). The maximum entanglement is 2 ebits and
ours when both pairs of spins are in the Bell state (θ1 =
θ2 = (2n + 1)π/4). When θ1 = θ2 = nπ/2, the state
redues to all spins either all up or down so ompletely
loses any entanglement.
Now if the restrited region for both Alie and Bob is
hosen to be the subspae in whih the total z-omponent
of spin takes the value zero, and we work in the disard-
ing ensemble so all other states are eliminated, the entan-
glement properties of the system beome very dierent.
Fig. 1(b) shows that the entanglement distribution of
the restrited state has periods of π instead of π/2, and
the maximum possible entanglement (now 1 ebit sine
the restrited subspaes for both Alie and Bob are two-
dimensional) is ahieved whenever θ1 = θ2 or θ1 + θ2 are
integer multiples of π so that the restrited state is in
the Bell state. Note that there is a singularity whenever
cos 2θ1 cos 2θ2 = 1.
If we ompare Fig. 1(a) and Fig. 1(b), it seems that
in some instanes the restrited state has higher entan-
glement. This is indeed the ase as shown in Fig. 1(),
where ∆S = S(ρˆ
(A)
D )−S(ρˆ(A)) is plotted against both θ1
6(a) Unrestrited (b) Restrited (disarding ensemble) () Dierenes
FIG. 1: Entanglement (von Neumann entropy S(ρˆ(A))) present in the hosen spin system (a) when the total spins Ms is
unrestrited, (b) in the disarding ensemble when Ms for eah party must be 0. () Entanglement dierenes between the two
ases; ∆S = S(ρˆ
(A)
D )− S(ρˆ
(A)).
and θ2. This is an example of the familiar proess of en-
tanglement onentration [22, 23℄, in whih some partial
entanglement is onentrated after hosen loal measure-
ments. Entanglement is not reated on average in our
example beause the probability of nding Ms = 0 is not
100%. Therefore the inequality Eq. (17) is not violated.
2. Mixed states
Now we perform a similar alulation for the mixed
state (21), omparing the entanglement (as quantied by
the negativity) present when the total spins Ms is unre-
strited and the entanglement in the disarding ensem-
ble when Ms for eah party must be 0. The results are
presented in Fig. 2. We hoose three values of F for
omparison; F = 0.3, F = 0.65 and F = 1.
In Fig. 3, we plot the variation of the entanglement
N (ρˆ) with F by hoosing both θ1 and θ2 to be π/4 (other
values an be hosen without aeting the qualitative be-
haviour but entanglement will not vanish at smaller val-
ues of F ). The ase when the total Ms is unrestrited ρˆo
is plotted as a solid line, while the ase of the orrespond-
ing disarding ensemble ρˆD is plotted as a dashed line.
The entanglement in both ases vanishes at F = 0.25.
This is similar to what we observed in a previous pa-
per [21℄: in that ase, we showed that the entanglement
(as quantied by the negativity) of a two-mode Gaussian
thermal state vanishes at the same temperature regard-
less of whether the initial state, or the post-seleted state
in the disarding ensemble, is studied.
B. Two osillators: the limit of small region sizes
For the Gaussian system desribed in Setion III B the
entanglement an be evaulated analytially in the limit
of very small region sizes, following the method desribed
in [21℄.
1. Only Alie's partile restrited
Suppose only Alie makes a preliminary measurement,
and determines that her partile is loated in a re-
gion of length 2a entred at oordinate q¯A, as in IV:
q¯A−a ≤ qA ≤ q¯A+a. In the disarding ensemble, the en-
tanglement is ED = h(ǫ) ≡ −[ǫ log2(ǫ)+(1−ǫ) log2(1−ǫ)]
with
ǫ = a2mω
α(
√
1 + 4α− 1)
12(1 + 2α+
√
1 + 4α)
. (39)
Note that this depends only on a and on the parameters
of the underlying osillator system; it is independent of
q¯. Note also that the entanglement is non-zero for any
non-zero α, and an be made arbitrarily large (for a given
small a) by inreasing α.
2. Both partiles restrited
On the other hand, if both parties make measure-
ments, thereby also restriting Bob's partile to a region
of length 2b around q¯B , the entanglement is one again
h(ǫ) but now ǫ beomes
ǫ =
a2b2m2ω2
72
(1 + 2α−√1 + 4α), (40)
and the onurrene density [21℄ is
√
2mω
6
√
1 + 2α−√1 + 4α (41)
One again, this result depends only on the dimension-
less oupling strength α and the fundamental length unit
(mω)−1/2 of the osillators; it is again independent of the
loation of the entres of the measurement regions. Later
we will see that as a and b inrease, the entanglement dis-
tribution gradually hanges so that more entanglement
is loated at some parts of onguration spae than the
others.
7(A) F = 0.3
(B) F = 0.65
(C) F = 1.0
(a) Unrestrited (b) Restrited (disarding ensemble) () Dierenes
FIG. 2: Entanglement (negativity N (ρˆ)) present in the mixed state (21) (a) when the total spins Ms is unrestrited, (b) in
the disarding ensemble when Ms for eah party must be 0. () Entanglement dierenes between the two ases; ∆N =
N (ρˆD)−N (ρˆo). F determines the mixedness of the state; when F = 1, the state is pure.
C. Two osillators: nite region sizes
1. Only Alie's partile restrited
For simpliity, we will set m = 1, ω = 1 and hoose
the Gaussian harateristi length (Eq. (31)) for an un-
oupled harmoni system, σ = 1, as our unit of length.
In this setion, we onsider the ase in whih only Al-
ie makes a preliminary measurement to determine that
her partile lies within a nite-size region. Suppose that
the size of this region is 2a and the loation of the en-
tre of the region is q¯, the von Neumann entropy S(ρˆ(A))
depends on both 2a and q¯. This is shown in Fig. 4. We
look at the variation with q¯ rst; Fig. 4 along the q¯-axis
shows some of the examples. For nite a, the entangle-
ment is higher if we measure around the entre of the
wavefuntion, where the probability of nding a parti-
le is highest, than if we take our measurements further
away from the the entre of the wavefuntion where the
hane of nding a partile is very low.
We an understand this variation by examining Al-
ie's post-seleted redued density matrix in the entre
of Fig. 4 (q¯ = 0) and at the edge (q¯ = ±4). At the edge,
the diagonal elements inrease rapidly towards one end;
the eigenvalues of this density matrix are dominated by
8FIG. 3: Variation of the entanglement (negativity N (ρˆ)) with
F ∈ [1/16, 1]. F is a quantity that determines the mixedness
of the state as dened by Eq. (21). The solid line is for
the original ensemble ρˆo whereas the dashed line is for the
orresponding disarding ensemble ρˆD. Both θ1 and θ2 have
been set to pi/4 to produe the plots.
these terms, resulting in one eigenvalue being lose to
1 and the other eigenvalues being very small. The von
Neumann entropy will therefore also be small. In on-
trast, the diagonal elements in the entre ase, instead
of being dominated by a single element at one end, are
approximately onstant. The resulting spread of eigen-
values leads to a higher von Neumann entropy.
We would also expet that as the region size ap-
proahes the total onguration spae, the entanglement
in the disarding ensemble should tend to the entangle-
ment originally present in the whole system; this is shown
in the upper part of Fig. 4, where the entanglement rises
with a until it saturates to the peak value of magnitude
S(ρˆ(A)) = 0.702 given by Eq. (32). Roughly speaking,
this saturation ours one the region has expanded to
inlude a signiant portion of the entral part of the
harmoni osillator wavefuntion.
We have already seen that in the limit of small a the
entanglement beomes independent of position. In fat,
even for nite a the entanglement is distributed very dif-
ferently from the probability distribution of Alie's par-
tile. This is shown in the lower part of Fig. 4, where
the oloured urves show the entanglement (saled to a
ommon maximum value) as a funtion of q¯ for dierent
widths 2a; for omparison, the blak dashed plot shows
the Gaussian one-partile probability distribution with
standard deviation σ given by Eq. (31). Note that the
width of the entanglement plot varies non-monotonially
with a: the entanglement is onstant in the limits of small
and large a, and has a minimum width around 2a = 2
(for α = 6). Note also that S(ρˆ(A)) is very small but is
non-zero even for small α, as expeted from Eq. (39).
For omparison, we also present in Fig. 4(b) results
for a muh weaker oupling, α = 0.06 ompared with
α = 6: for weak oupling, the entanglement has smaller
peak values (= 0.00859 in this ase) and its spread is
narrower, but the qualitative features are similar in both
ases.
2. Both partiles restrited: entanglement distributions
Next we onsider the ase where both Alie and Bob
make preliminary measurements, but not neessarily in
the same way.
We start by onsidering two dierent ases; the rst
(Case 1) is that both parties' preliminary measurements
restrit their partiles to regions with idential widths
and entres (a = b and q¯A = q¯B), whereas in the se-
ond ase (Case 2) the region widths are the same but
the entre of Bob's region is always xed around the en-
tre of the wavefuntion (a = b, q¯B = 0). The results,
for α = 6, are shown together with the previous result
(Case 3; only Alie makes a preliminary measurement,
as shown in Fig. 4(a)) for omparison in Fig. 5. The
entanglement in the disarding ensemble of Case 3 is the
highest out of the three ases; this is as expeted, sine
the entanglement an only redue under the additional
(loal) measurements made by Bob. When the width 2a
is small, the entanglement of Case 1 is higher than of
Case 2. However, as 2a inreases, Case 2 onverges more
rapidly to Case 3 so that its entanglement is now higher
than that of Case 1, until 2a beomes so large that the
dierenes between all three ases disappear.
3. Both partiles restrited: lassial orrelations
We now ompare the entanglement distributions to the
lassial orrelations between the partiles. Suppose that
Alie and Bob loalise their respetive partiles to re-
gions with the same widths but dierent entres; the en-
tanglement in the disarding ensemble will depend on
both q¯A and q¯B. We shall ompare the entanglement
distribution with the 2-partile probability distribution
P (qA ∈ A∩ qB ∈ B), and the onditional probability dis-
tribution for Bob's partile given the position of Alie's
partile, P (qB ∈ B | qA ∈ A).
The two-partile probability is
P (qA ∈ A ∩ qB ∈ B) =
∫ q¯A+a
q¯A−a
q
.A
∫ q¯B+a
q¯B−a
q
.B
ρ(qA, qB; qA, qB), (42)
and in the limit of small a, b we have
P (qA ∈ A ∩ qB ∈ B) = 4abρ(q¯A, q¯B; q¯A, q¯B). (43)
The onditional probability is
P (qB ∈ B | qA ∈ A) = P (qA ∈ A ∩ qB ∈ B)
P (qA ∈ A) , (44)
where P (qA ∈ A) is the 1-partile probability. In the
limit of small a, b this beomes
P (qB ∈ B | qA ∈ A) = 2bρ(q¯A, q¯B; q¯A, q¯B)
ρ(A)(q¯A, q¯A)
. (45)
9(a) α = 6 (b) α = 0.06
FIG. 4: (Color online) Top: Variation of the entanglement S(ρˆ(A)) with both the width 2a and the entre q¯ of the preliminary-
measurement region. Bottom: S(ρˆ(A)) plotted against q¯ for dierent widths, re-saled suh that S(ρˆ(A)) has the same peak
value at q¯ = 0. A plot (the blak dashed line) of the orresponding Gaussian probability distribution for Alie's partile, with
a standard deviation σ determined by the oupling strength α, is shown for omparison. The dierent plots orrespond to two
dierent oupling strengths, (a) α = 6 v.s. (b) α = 0.06. The number of bins NB used in the alulation was 200 in both ases.
(a) 2a = 0.5 (b) Larger 2a's
FIG. 5: (Color online) Comparison of the two dierent ases of preliminary measurements done by both parties together with
the ase that only one party makes a preliminary measurement. The entanglement S(ρˆ(A)) is plotted against the entre q¯ of
the preliminary-measurement region with width 2a. (a) For 2a = 0.5. (b) For other larger values of 2a. Red long-dashed line
(Case 1): Both parties' preliminary measurements loalise their partiles in regions with idential widths and entres (a = b
and q¯A = q¯B). Blue thik short-dashed line (Case 2): The widths of the regions are the same but one entre is always xed
around the entre of the wavefuntion while there is no restrition on the other entre (a = b, q¯B = 0). Blak thin solid line
(Case 3): Only one party makes a preliminary measurement. In all three ases, the number of bins used in the alulation is
NB = 100 and α = 6.
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In eah ase the small-a, b limit an be easily evaluated:
we nd
ρ(qA, qB; qA, qB) = ζ2 exp(− (q¯A + q¯B)
2
2σ2+
− (q¯A − q¯B)
2
2σ2−
)
(46)
with `lassial' standard deviations
σC+ =
√
2,
σC− = (
2√
1 + 4α
)
1
2 , (47)
and
ρ(q¯A, q¯B; q¯A, q¯B)
ρ(A)(q¯A, q¯A)
= ζ3 exp(− q¯
2
A
2σ21
+
q¯Aq¯B
2σ212
− q¯
2
B
2σ22
) (48)
with
σ1 = (
(1 +
√
1 + 4α)(1 + 2α+
√
1 + 4α)
4α2
)
1
2 , (49)
σ2 = (
2
1 +
√
1 + 4α
)
1
2 ,
σ12 = (
1√
1 + 4α− 1)
1
2 ,
where ζ2 and ζ3 are normalization onstants.
For nite a and b we apture the shape of the distri-
butions by tting the numerially alulated values of
P (qA ∈ A ∩ qB ∈ B), and P (qB ∈ B | qA ∈ A) using
the same expressions Eq. (46) and Eq. (48), thereby ex-
trating numerial values for σC± , σ1,2 and σ12. We also
use the funtion Eq. (46) to t the entanglement dis-
tribution, thereby obtaining two further parameters σQ±
whih quantify the extent of the entanglement distribu-
tion along its prinipal axes.
(a) 2a = 0.5 (b) 2a = 4
FIG. 6: Dependene of the entanglement S(ρˆ(A)) on the loa-
tions of the entres of the preliminary-measurement regions
q¯A and q¯B . (a) the width 2a of the regions is 0.5. (b) 2a = 4.
In both ases, NB = 100 and α = 6.
As before, we take α = 6. In Fig. 6, we show two
ases of entanglement distributions for dierent widths
(2a = 0.5 and 2a = 4) of the preliminary-measurement
regions. We see that the entanglement distribution with
larger 2a is more symmetri. The orresponding joint
probability distributions and onditional probability dis-
tributions are shown respetively in Fig. 7 and Fig. 8.
(a) 2a = 0.5 (b) 2a = 4
FIG. 7: The dependene of the lassial joint probability
P (qA ∈ A ∩ qB ∈ B) on q¯A and q¯B . (a) 2a = 0.5. (b)
2a = 4. In both ases, α = 6.
(a) 2a = 0.5 (b) 2a = 4
FIG. 8: Dependene of the onditional probability P (qB ∈
B | qA ∈ A) on q¯A and q¯B . (a) 2a = 0.5. (b) 2a = 4. In both
ases, α = 6.
(Note that the gures show dierent range of q¯A and
q¯B.) The lassial probability distributions P (q¯A ∩ q¯B)
are more loalized and symmetri in spae than the en-
tanglement distributions.
α = 6 σQ+ σ
Q
− σ
C
+ σ
C
− σ1 σ2 σ12
2a→ 0 ∞ ∞ 1.41 0.632 0.866 0.577 0.500
2a = 0.5 10.4 2.29 1.43 0.665 0.937 0.603 0.531
2a = 4 3.44 2.10 2.37 2.00 11.0 1.53 2.64
TABLE I: Table of σ values for α = 6.
In the limit of very small a, S(ρˆ(A)) is onstant ev-
erywhere (Eq. (40)) so σQ+ and σ
Q
− must diverge; the
results in Table I show that σQ+ diverges more quikly as
a redues, while the two parameters beome ompara-
ble for large a as the entanglement distribution beomes
more symmetri. Indeed, the distributions of the entan-
glement and the lassial orrelations beome more alike
as 2a inreases, beause both distributions are at out
to a distane a either side of the wavefuntion's entral
peak.
We an also study the eet of varying the oupling
strength α for a xed (small) 2a. We plot σQ+ and σ
Q
−
against α with 2a = 0.5 in Fig. 9a whereas σC+ , σ
C
− , σ1,
σ2 and σ12 in Fig. 9b. The entanglement distribution is
the most asymmetrial and as α inreases, the dierene
between σQ+ and σ
Q
− widens. Of the quantities deter-
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mining the lassial probability distribution, σC+ remains
onstant with inreasing α, but σC− gradually dereases.
These trends arise beause the two partiles tend to move
together when the spring joining them beomes strong.
Therefore, as α inreases, the white rod in Fig. 8 rotates
about the entre of the square from the line q¯B = 0 to-
wards the diagonal q¯A = q¯B. σ1 is always the largest out
of the three parameters for the onditional probability
distribution. For weak α, σ12 is larger than σ2 but as
α beomes larger, at some point the two plots interept
and σ12 is no longer larger than σ2.
How in the limit of very small a these quantities (Eq.
(47) and Eq. (49)) vary with α is shown in Fig. 9. We
see that the behaviour of these quantities do not hange
muh, ompared with the previous results when 2a = 0.5,
apart from that the intereption points happen at smaller
α. Note that σQ± diverge as a → 0, so these parameters
are not shown.
(a) σ
Q
± ; 2a = 0.5
(b) 2a = 0.5
() Small-a limit
FIG. 9: (Color online) Plots of σ+, σ−, σ1, σ12 and σ2 against
α. In the plot legend, Q stands for the `quantum' entangle-
ment distribution and C for the `lassial' probability distri-
bution. (a) and (b): Numerial results: 2a is hosen to be 0.5
for all the ases. () Analytial results: in the limit of very
small a.
VI. CONCLUSIONS
We have presented a novel thought experiment that
gives an approah to determining the loation in ongu-
ration spae of the entanglement between two systems. It
involves hoosing a region of the two-party onguration
spae and making a projetive measurement with only
enough resolution to determine whether or not the sys-
tem resides in this region, then haraterizing the entan-
glement remaining in the orresponding sub-ensemble.
Our approah is partiularly simple to implement for
pure states, sine in this ase the sub-ensemble in whih
the system is denitely loated in the required region af-
ter the measurement is also a pure state, and hene its
entanglement an be simply haraterized by the entropy
of the redued density operators.
We have given examples of the appliation of our
method to states of a simple spin system, where Alie
and Bob share two pairs of spin-1/2 partiles, and also of
a ontinuous-variable system in whih they share a pair
of oupled harmoni osillators.
The rst ase shows how the amount of entanglement
loated in the hosen region (in this ase the Ms = 0
manifold) varies as the harateristis of the states shared
by Alie and Bob are altered. We presented results for
both pure and mixed states, and show how entanglement
is aeted by the mixedness F both qualitativly and
quantitativly. Speially, we show that the states whih
are entangled from the global point of view are also en-
tangled by our loal measures [21℄, i.e. global entangle-
ment of the initial state vanishes at the same point as the
entanglement remaining in the disarding ensemble after
the preliminary measurement to loate the system in a
hosen subspae.
For the seond ase we have presented results as a fun-
tion of the strength of the oupling between the osilla-
tors, as well as of the size and loation of the prelim-
inary measurement regions. In all ases the remaining
entanglement saturates to the total entanglement of the
system as the measured regions beome large. For small
measured regions the entanglement tends to zero, but for
a xed region size the onguration-spae loation an be
varied in order to give a variable-resolution map of the
entanglement distribution. We nd that the distribution
of the entanglement is qualitatively dierent from the
lassial orrelations between the partiles, being on-
siderably more extended in onguration spae than the
joint probability density and beoming more and more
diuse as the size of the regions dereases.
Our approah suers from the disadvantage that there
is no sum rule on the entanglements in the disarding
ensemble: the sum of the entanglements from all the
sub-regions dened by a given deomposition of ongu-
ration spae does not yield the full entanglement of the
system. Instead, the entanglements from the sub-regions
satisfy the inequality in Eq. (17). It would be interesting
to understand in more detail the relationship between
the restrited entanglements (as dened in this paper)
12
and the full entanglement of the system, and also to ex-
tend the alulations reported here to projetive mea-
surements made in other bases, to POVMs, and to mixed
states.
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